Abstract. Let D be a (m, u, k, λ)
Introduction
Let G be a group of order mu and U a subgroup of G of order u. 
where we identify a subset X of G with a group ring elementX = ∑ x∈X x ∈ C[G] and set X (−1) = ∑ x∈X x −1 . D is also called a relative difference set relative to U and U is called a forbidden subgroup. By definition m ≥ k and k 2 = k + λ(mu − u). We note that D (−1) is not always a relative difference set. For a (m, u, k, λ)-difference set D in a group G relative to U , dev(D) (= (P, B)) is an incidence structure with a set of points P = {g | g ∈ G} and a set of blocks B = {Dg | g ∈ G}. Then dev(D) is a (m, u, k, λ)-divisible design ( [7] ). If m = k then (m, u, k, λ) = (uλ, u, uλ, λ) and D is said to be semiregular.
A (m, u, k, λ)-difference set D is called symmetric if D (−1) is also a (m, u, k, λ)-difference set. In Section 2 we study a semiregular relative difference set D and show that D is symmetric if and only if the dual of dev(D) is a divisible design (Corollary 2.7).
In Sections 3 and 4 we give a construction for relative difference sets D such that dev(D) is non-symmetric. To construct such difference sets we present the following lemma on products of semiregular relative difference sets, which is a modification of Theorem 2.1 of [4] or Result 2.1 of [8] .
We note that U is not assumed to be normal in G in Lemma 3.1. Roughly speaking, Lemma 3.1(ii) implies that a non-symmetric and a splitting semiregular relative difference sets that share a forbidden subgroup give us another non-symmetric one. By a recursive construction applying Lemma 3.1 we obtain a class of non-symmetric semiregular relative difference sets (see Theorem 3.2 and Proposition 4.4).
Divisible designs and relative difference sets
Let D be a relative difference set in a group G relative to U . Then dev(D) is a divisible design. However, the dual of dev(D) is not always a divisible design. In this section we study a condition under which the dual of dev(D) is a divisible design when D is semiregular. ( ii ) There exists a partition
|P m | = u and for any distinct points p, q ∈ P the number of blocks B ∈ B containing p and q is 0 if p, q ∈ P i for some i ∈ {1, . . . , m} and λ otherwise. (Each P i is called a point class of (P, B).)
Counting all triples (p, q, B) (p, q ∈ B, p = q ∈ P, B ∈ B) in two ways we obtain the following fundamental equation. (
Remark 2.3 ( i ) In Theorem 6.2 of [3], W.S. Connor showed that (P, B)
is symmetric whenever k > uλ and (
is called a transversal design and denoted by TD λ [k; u] if |B ∩ P i | = 1 for any B ∈ B and any point class P i of (P, B).
Hence, a square (m, u, k, λ)-divisible design is a transversal design if and only if
Applying (3), we have uλ = nµ and so (nµ)(nµ − 1) = µ(mn − n) = nµ(m − 1). It follows that m = nµ. As n 2 µ = mn = u 2 λ, we have n = u and so λ = µ. Therefore the lemma holds.
As an application of Lemma 2.5, we can show the following.
Proposition 2.6 Let D be a semiregular relative difference set in a group
G relative to a subgroup U of G. Then the following conditions are equivalent.
Proof. Set (P, B) = dev(D) and assume (i). Then, there exists a partition
Set
We note that
Hence
As a corollary of Proposition 2.6, we have 
Non-symmetric relative difference sets
In this section we construct non-symmetric relative difference sets. To do this we need the following lemma. 
Lemma 3.1 Let X = G × H be a group, where G is a group of order u 2 λ and H is a group of order uλ . Let D be a (uλ, u, uλ, λ)-difference set in G relative to a subgroup U of G of order u and let C be a (uλ , u, uλ , λ )-
Therefore CD is a subset of X.
Let S and T be subsets of G and H, respectively. We identify S and T with S × {1} (⊂ X) and {1} × T (⊂ X), respectively. Then, by assumption, the following hold.
Hence, substituting (6) and (7) we have
Thus we have (i).
Since U H £U , we obtain
Assume CD is symmetric. Then (
Therefore CD is symmetric. Thus we have (ii).
We note that Lemma 3.1(i) is a modification of Result 2.4 of [8] , where N is assumed to be normal in G.
We now prove the following theorem on a recursive construction of nonsymmetric semiregular relative difference sets. 
Set X = (G × H n−1 ) × H n−2 and let ψ be the natural projection from U × H n−2 to X . Then we can regard D n−2 as a (uλ n−2 , u, uλ n−2 , λ n−2 )-difference set relative to (U × 1) × 1. Applying Lemma 3.1 again, we obtain a (u 3 λλ n−1 λ n−2 , u, u 3 
Repeating the procedure we have the theorem.
Examples of non-symmetric relative difference sets
We denote by m * the square free part of a positive integer m. 3λ, 3, 3λ, λ) -difference set for λ = 1, 3, 4, 7, 9 (for λ = 7, see [9] ). Also there exists a splitting (3 · 2 2s 3 t , 3, 3 · 2 2s 3 t , 2 2s 3 t )-difference set for any s, t ≥ 0 by Corollary 4.4 of [5] .
Proposition 4.1 Assume the existence of a splitting
We now show that a relative difference set in G = S 3 × Z 6 construcred in [6] is non-symmetric. D = {1, c, c 2 , c 3 , a, ac, b, a 2 bc 5 , abc 4 , a 2 bc, bc 4 , abc}. Then D is a (12, 3, 12, 4) 
